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Although the theoretical solution to the problem of the
lateral buckling of a simply supported deep beam subjected to a
concentrated load at its centroid has existed for many yearsj*
experimental investigation to substantiate the theory has not
been entirely definitive. Bromley and Robinson^ in fact, were
unable to achieve agreement between theory and experiment. Trayer
and March^attempted to analyze this apparent discrepancy and ob-
tained satisfactory agreement with theory in their own tests.
Further experimental verification is shown in a paper by Dumont
and Hill?
In recent years Massey showed that it is possible to de-
termine the theoretical critical load for lateral buckling of an
I beam by interpreting data obtained from tests on a realistic
beam using a technique which results in a linear plot. He also
showed that the method could be altered to include the deep beam.
Although, strictly speaking, Massey's development did not produce
a true Southwell plot as he indicated, a later study by Horton'
reduced the mathematical analysis of the deep beam to one in which
the Southwell technique was applicable.
Southwell developed his basic theory in 1932 as a means of
verifying the theory of buckling of -nerfect columns. The Southwell
plot depends upon the fact that the deflection at an appropriate
point can be expressed as the sum of a series of terms which are
associated with the initial irregularities and the actual and
critical loads for the structure. Under appropriate conditions,

that is, when the load on the structure approaches the theoretical
critical value and the deflection is recorded at a point in which
only one harmonic is significant, only the first term of the series
is of importance. In these cases, the relationship between load
and deflection approximates to a rectangular hyperbola. Southwell
points out that by a simple change of variable this curve can be
presented as a straight line, the inverse slope of which has a
value equivalent to the classical critical load and that the inter-
cept of the line with the appropriate axis is a measure of the
initial imperfection.
The mathematical analysis which Southwell made was performed
only for the simple column but a more general analysis made by
Westergaard^gave clear indication of much wider applicability.
This wider applicability is of greatest importance in studies of
stability. In theory, buckling takes place when the deflection of
the body increases indefinitely without further increase in load
and, for an initially perfect specimen, no motion will occur un-
til the critical load level is reached. In practice, however,
neither of these conditions are met in real structures. Deforma-
tions occur from the very onset of loading and increase continuous-
ly with increasing load until collapse takes place. It is diffi-
cult from such load-displacement data to define a critical load
and indeed it is often questionable as to whether or not such a
value exists unless one becomes concerned with questions of in-
elastic behavior. Correlation between theory for the ideal body
and actual experimental results can only be made on the basis of
an implicit relationship such as that contained in the Southwell

formulation.
Just as a consideration of the behavior of a column with
a small displacement analysis leads to the Southwell method of data
reduction, so an examination of the elastica leads to a potential
large displacement technique. It can be shown mathematically1
that the equation of the elastica can be approximated very closely
by a parabola and, as a consequence of this relationship, when the
square of the deflection is plotted as a function of load, a linear
relationship is obtained. This line intercepts the load axis at
a point which is defined by the theoretical critical load value
for the ideal column. There is much practical evidence to indi-
cate that this large displacement law may be as general as that of
Southwell. Queinec has demonstrated its applicability in certain
problems of buckling due to thermal stress and in researches made
concurrently with those described here, Willey12 successfully estab-
lished its applicability to flat plates under uniform axial com-
pression.
With this background in mind, the approach to the research
that comprises this paper emerged. Initial experimentation with
a simply supported Euler column was undertaken because complete
theoretical analyses of all phases of the problem are available.
Timoshenko^presents the classical buckling theory for the column.
Southwell and Horton10analytically justify, respectively, the
small and large deflection determinations of critical load. Too,
testing procedures for a simply supported Euler column are elemen-
tary, and this lends itself particularly well to the initial probe
of a concept intended for expanded application in a more difficult

problem. Experimental correlation of the predicted buckling loads
of the perfect column by these three independent means, therefore,
would support the idea that a similar correlation might apply to
the case of the lateral instability of the deep beam.
Given that the outcome of the tests on the column were favor-
able, the deep beam would be tested in a like manner. Southwell
data would hopefully predict the critical load of the un-
restrained beam and permit the determination of the stability
boundary for the elastically restrained beam. These results
could then be compared with available theoretical analyses. Large
deflection measurements on the unrestrained beam would next answer
the question of the validity of the hypothesis that large deflec-
tion data can be applied to the problem of lateral instability of
the deep beam. With this approach in mind, the experimental work
was begun.

II. DISCUSSION OF THE PROBIEM
A certain amount of experimental work has been done on the
problem of the lateral buckling of deep beams-?'^, 6The results
obtained are, in general, rough verifications of the elementary-
case of first mode buckling of the simply supported beam. But the
early studies of the 1930's^ , ^ , ^give no indication of the means
by which buckling was defined. At the time these papers were
published Southwell's work was new and all but unknown, and several
diverse and unrelated ideas existed which supposedly enabled the
experimenter to pinpoint the onset of buckle in a structure. The
top of the knee method and the strain reversal method are good ex-
amples of two of the more widely accepted of these devices. How-
ever, these and other methods in use at the time give, at best,
highly scattered results and in many instances can produce meaning-
less conclusions. Further, none of these ideas were ever sub-
stantiated by any legitimate theoretical development.
Massey's paper, written in 196U, developed the use of a
linear plot by which one could predict the lateral buckling loads
of I beams and deep beams. This was a significant step forward
because the approach introduced a consistency of results that was
not possible with the earlier methods. But when Horton'was able
to show analytically that the Southwell plot was applicable to the
lateral instability of deep beams he introduced a device which, if
it could be demonstrated experimentally, would not only predict
the theoretical buckling load of a deep beam, but would have the
added virtue of being a method already proven to be applicable to

a diversity of buckling problems. The efficacy of such a demonstra-
tion is clear in that it would lend further credence to the general-
ity of the Southwell technique.
Establishing positive results for a simple problem as the
basis for methods of solving more difficult cases has proven by
experience to be a logical experimental approach. This concept
was used to twofold advantage in the work that comprises this
thesis. First, if complete correlation of analytic, Southwell and
large deflection predictions of the buckling load could be estab-
lished for an Euler column, where experimental procedures are quite
simple, it would not be wholly unreasonable to expect a similar
result for the deep beam. Second, by doing initial deep beam ex-
periments on a specimen which was not elastically restrained, (es-
sentially a repeat of work done by Massey") the validity of appli-
cation of the Southwell plot to this problem could be shown. This
contribution would be significant since Massey's paper, in the
strict sense, does not do this. By-products of such tests would
also emerge. It could be determined what effect, if any, the pro-
cess of repeated tests on a given specimen had upon the critical
load prediction. Also, if meaningful results were to be obtained
in later tests where elastic restraints were imposed, it was nec-
essary to know that the apparatus used could give good accuracy
in the simpler case of the unrestrained beam.
In devising a test rig for experiments on the deep beam,
considerable care was necessary to avert foreseeable difficulties.
If the beam were loaded, as shown in Ref . 13, in a standard hy-
draulic testing machine, side loads could develop which might in-

duce sizeable errors in any results obtained. By dead loading the
beam this drawback was eliminated. The beam was made of sufficient
length to avoid any problem involving transverse shear and con-
struction of the end supports was done with great care because even
small deviations from the simple support condition could introduce
intolerable errors in the test results. Another source of possible
error was eliminated by measuring deflections by optical means,
forestalling any difficulty that would result from the use of con-
tact measuring devices. Measurements of displacement at different
points along the beam made it possible to determine what effect,
if any, the location of measurement has upon the prediction of
buckling load. Overlooking any of these factors could seriously
affect the outcome of the test results and a dramatic demonstration
of this statement is evident when a comparison is made between the
predicted buckling loads that result from the deflection measure-
ments at the centroid of the deep beam and those made at the quar-
ter length points when an elastic restraint of large spring con-
stant is imposed at the centroid.

III. EQUIPMENT
Three separate test rigs were used to perform the experi-
ments that comprise the heart of this work. Fig. 1 is a sketch of
the basic equipment used to acquire the data for the buckling of
the Euler column. Figs. 3a through £b depict the apparatus which
yielded the bulk of data for the deep bean, restrained and un-
restrained, in the small deflection region. And, in Figs. 7a
through 7c, the equipment which produced the large deflection in-
formation on the deep beam is shown.
The first tests to be run were performed on an Euler
column of dimensions 6.000 X 0.275U X 0.01665 inches. The column
was of steel and the ends were ground to knife edges to approximate
the simple support condition. The essential element of the test
rig, shown in Fig. 1, was a simple chemical balance which rested
on the lower (fixed) loading head of a compression test machine.
A measuring scale, consisting of a metal plate covered with graph
paper graduated in millimeters, was attached to the upper (movable)
head of the test machine and was used to read lateral deflections
of the column under load. The column was magnetized so that it
would cling to the upper loading head. By doing this the specimen
was easily positioned and alignment was automatic because the
column hung vertically under the force of gravity. Metric weights
were then used to apply the load to the column through the mechan-
ism of the chemical balance.
Snail deflection measurements were next taken on a deep
steel beam 30.69 inches long, 1.95 inches deep and 0.0^91 inches
8

thick. Figs. 3a and 3b depict the overall arrangement of equip-
ment.
The essential parts of the foundation upon which the beam
was mounted were a pair of large steel blocks, the surfaces of
which had been ground smooth to provide minimum rolling resistance
to the end restraints of the beam which were to be placed upon the
blocks. The optical collimator used for the measurement of de-
flections and the weight cage which constituted the method of load
application are also apparent in these figures. The small hook on
the bottom of the weight cage, visible in Fig. 3b, provided a means
of continuous load application at any desired rate. A container
was placed on the hook and water could then be piped into the con-
tainer, the rate of flow of the water, of course, governing the
loading rate.
Figs. Ua and i^b are close-up views of the apparatus. From
Fig. Ua the method of measuring displacement is clear. Mounted
upon the loading yoke is an ordinary six inch metal ruler, grad-
uated in hundredths of an inch. As the load was applied, the beam
deflected and, since the loading yoke was mounted at the centroid
of the beam, a measurement of the deflection of this yoke was also
a measurement of the motion of the centroid of the beam. By sight-
ing through the collimator onto the ruler, it was possible to
measure deflections to an accuracy of one or two thousandths of
an inch.
The loading yoke is evident in Fig. i^b but it is much more
clearly shown in Fig. £b. it consisted merely of a prong shaped
aluminum piece through which two holes were made. A pin inserted

through these holes passed also through a hole at the beam's cen-
troid. At the base of the yoke a shaft was attached which extended
to the load transducer, which can be seen most clearly in Fig. l^b.
It is the ring shaped device at the center of the picture and upon
this ring were mounted four strain gages. The gages were wired
into a bridge and then connected to a Model 1^0-1100 Sanborn Car-
rier Amplifier and a Sanborn 15>1 Single Channel Recorder. The
electronic equipment is not shown in the figures, however.
The method of supporting the ends of the beam can be seen in
Figs. Ua, lib and 5a. On each end of the beam were situated two
aluminum blocks, held together by three bolts. On the inner side
of each block, a groove was cut in the vertical direction and in
each groove was fitted a steel rod of round cross section and of a
length equal to the height of the blocks. The beam was placed so that
it was restrained by the rods about one quarter of an inch from the
end of the beam, the bolts were fastened so that they were finger
tight and then the combination of blocks and beam were mounted on
four more rods of round cross section, two at each end, as can be
seen in Figs. Ua, Ub and £a, which acted as rollers for the entire
apparatus. A reasonably heavy weight was then placed on each end
block. The result was a support which gave very little restraint
to end motion of the beam in any form except that all tendency of
the end to twist was restrained. The method gave a very close ap-
proximation to the simple support condition of the theoretical
problem.
In Figs. £a and 3>b, the mechanism used to impose the elas-
tic restraint at the beam center is visible. The restraint used
10

was a rigidly mounted cantilever spring, the length of which was
made adjustable so that various spring values could be imposed.
The spring can be seen, in Fig £b, to be placed against the load-
ing yoke. Since the yoke moves with the beam centroid, restrict-
ing yoke motion obviously restricts the motion of the center of
the beam.
Not shown in the figures is the device used to measure de-
flections at the quarter length points of the beam. When such
measurements were needed, depth micrometers were mounted at the
appropriate locations, and adjusted as necessary to measure the
desired displacements.
The equipment used in the large deflection measurements
is depicted in Figs. 7a through 7c. The beam shown is of fibre-
glass but the same set-up was used when measuring the deflections
of a similar beam made of spring steel. Both beams were 20.91 inches
long and l.£0 inches in depth. The glass beam had a thickness of
0.03U5 inches and the spring steel beam a thickness of 0.01ii8 inches.
When a beam was to be tested, it was first clamped into end sup-
ports which are visible in Figs. 7b and 7c. The supports were
round aluminum rods, slotted to receive the ends of the beam, and
pointed at the lower ends to provide simple support conditions.
The entire large deflection apparatus was mounted on two
heavy steel blocks, one at each end of the beam, the blocks pro-
viding the stationary foundation for the rest of the rig. Onto
each large block were clamped two smaller steel blocks, positioned
so that a space existed between them just large enough to allow
free motion of the beam end supports. To reduce the frictional
11

resistance to end shortening of the beam as it was deformed, four
roller bearings were inserted between each of the two pairs of
small steel blocks, and then a plate was laid atop the roller
bearings. Onto the plate, then, was placed the pointed end of the
beam end support previously described. Measurements of deflection
were made optically with the use of a ruler graduated in hundredths
of an inch, but this is not shown in the figures.
This relatively crude device provided a rough approxima-
tion of a simple support and could allow considerable beam dis-
tortion. The motion of the end support in the gap between the
small steel blocks, after friction had been overcome, was such that
only twisting of the beam was prevented, and this approximated the





Preliminary experimentation began with tests on a steel
column 6.000 X 0.02751 X 0.01665 inches in dimension and knife-
edged at the ends to simulate simple supports. By suspending
the column magnetically from the upper (movable ) head of a test
machine, shown in Fig. 1, and lowering the head until the lower
end of the column just touched one of the tables of the chemical
balance, proper positioning and alignment were assured. Metric
weights were then added to the other table and, with each incre-
ment of weight, the upper head of the test machine was adjusted
so that the deflection needle of the chemical balance was re-
positioned to zero. This procedure, of course, insured that the
load on the column was exactly equivalent to the weights on the
balance table. At each step, a record was made of the load on the
column and its maximum lateral deflection. Seven tests were run
and the data from the tests is recorded in Tables la and lb. The
data was then averaged in Table 1c and load-deflection, Southwell
and large deflection plots were constructed from the averaged data.
These plots are shown in Figs. 2a through 2c.
Small deflection theory for the deep beam was verified
using the test equipment shown in Figs. 3a through 5b. A steel
beam of dimensions 30.69 X 1.95 X 0.0591 inches was used and initial
measurements were taken to check the theory for lateral buckling of
the beam with no elastic restraint imposed. The load on the beam
when the initial displacement reading was taken totaled 7.7 pounds.
This initial load consisted of all the parts of the loading device;
13

the yoke, the load transducer, the cage on which the discrete
weights were placed and the container used when the load was in-
cremented by the use of running water.
In the case where the beam was buckled without an elastic
restraint at the centroid, the loading method used was one utiliz-
ing running water. Load readings were determined by interpreting
load cell readings on the Sanborn equipment. These loads were read
at predetermined increments of displacement as measured by the
optical collimator. A physical restriction was placed on the
maximum deflection of the beam so that it would not exceed the
elastic limit.
Ten initial tests were performed in the manner described,
so that reliability of the experimental data might be evaluated by
examining the repeatability of the experimental evaluation of crit-
ical load. The data from all ten tests was virtually identical and,
therefore, only the data of the last two tests is presented. Tables
2a and 2b are the results of these two tests, while Fig. 8a is the
resultant load versus displacement plot. Fig. 8b is the Southwell
interpretation of the data and the consistency of the results is
self evident.
After these initial tests, various elastic restraints were
imposed at the centroid of the beam. Figs. 5a and $b show the
method of imposing the restraint. A steel cantilever spring of
variable length was used to restrict the motion of the yoke and,
since the yoke moved with the beam centroid, the centroid of the
beam was thereby elastically restrained. The various spring values
were experimentally determined by averaging a series of load-
Hi

deflection measurements at chosen increments of spring length.
The large initial load of 7.7 pounds, which was tolerated
when the deep beam was tested without elastic restraint, intro-
duced no essential difficulty. The collimator was zeroed with the
initial load on the beam and readings commenced from this zero
setting. All that was necessary to compensate the data for the
initial load was to determine the displacement of the beam due to
this load by extrapolation of the load-displacement curve through
the first few loading points to the point of zero load. Then the
initial displacement value was added to the displacement reading
for each increment of load. But the size of the initial displace-
ment due to a load of 7.7 pounds might have proved intolerable in
the case of the elastically restrained beam because the beam would
have been slightly distorted before the spring came in contact with
the yoke. Thus, in order to approach zero deflection when the
spring was initially placed in contact, the initial load had to be
reduced. By removing all loading components except the yoke and
load cell, the initial load was reduced to about 1.20 pounds, a
force which caused a negligible initial deflection in the un-
restrained beam. The spring was then moved toward the yoke until
it barely made contact. Then the measurement system was zeroed
and readings commenced.
It was discovered that, at low values of spring constant,
measurements of motion of the centroid gave valid data with which
to calculate critical buckling load. However, as the spring value
increased, the motion of the centroid decreased and became difficult
to measure. For these higher spring constants, measurements of
15

deflections at the quarter length points of the beam were made,
in addition to measurements at the centroid, by the use of depth
micrometers placed at the quarter points of the beam. Tables 3a
through 3n and Pigs. 9a through 9r provide a means of comparison
of data resulting from the various points of measurement.
An attempt was made to obtain large deflection readings
for the deep beam on which, to this point, only small deflection
data had been compiled. However, because the steel of this beam
was not of highest quality, it was found that the material entered
the region of plastic deformation soon after the beam departed
from the realm of small deflections. A fibreglass beam was tried
and although some deceptively consistent data emerged from these
tests, it was apparent that the non-linear characteristics of the
fibreglass material caused the predicted critical loads from the
large and small deflection data to differ widely.
A beam made of high quality spring steel was tested next
and gave satisfactory results. The test procedure used was quite
simple. Utilized was the test set-up shown in Figs. 7a through 7c.
Discrete weight increments were applied to the beam centroid, and
measurements of deflection were taken for each weight increment.
It was discovered early in the tests of the glass beam that, whether
the measurements of deflection were taken at the beam's centroid or
at the top fibre, the critical load resulting from the data was the
same, as can be seen from Figs. 10b and lOe and from Figs. 10c and
lOf . This valuable information was used when testing the spring
steel beam. Because it was much easier to do so, the displacements
of this beam were measured at the center of the top fibre. The
16

data for the spring steel beam is presented in Table £ and in Figs.
11a through lie.
It should be mentioned that, because the large deflections
of the fibreglass and spring steel beams induced considerable
friction forces at the end supports, it became very difficult to
determine the equilibrium position for each increment of load. The
method used, as motions became increasingly restricted by friction,
was to first load the beam, to then manually displace it to a state
of deflection in excess of what would occur because of the load im-
posed on it, and finally, to manually vibrate the ends until the
beam receded to an equilibrium position, as shown in Fig. 7c. Be-
cause the equilibrium position was not easily detectable, each
test required between three and six hours to perform. For this
reason, if further studies in the realm of large deflections of a
deep beam are undertaken, it would be well to consider a more
elaborate end support device, operating perhaps on ball bearings,
so that end support friction can be made less of a problem. This




V. DISCUSSION OF RESULTS
The theoretical critical load for a simply supported Euler
column is given by the equation
tt
2EI
Per - -r- (1)
where
E b Young's Modulus for the material of the column (3x10^
psi for steel in the case of the column tested)
I b moment of inertia about the axis of least bending re-
sistance
L = length of the column.
The equation yields a theoretical buckling load of
Pcr = 0.8695 lb = 395.0 gm
for the column tested, which had dimensions of 6.000 X 0.01665 X
0.275U inches.
From the data of Table lc, which is the averaged data for
the tests on the Euler column, Figs. 2a through 2c were drawn. The
inverse slope of the curve of Fig. 2b, the Southwell plot of the
small deflection data for the column, yields a critical load of
k09 grams. The deviation of this value from theory is about 3.$%.
The large deflection plot of Fig. 2c provides an indication
of critical load when the straight segment of the curve is extrapo-
lated to the load axis, or, to the line of zero deflection. This
curve gives a critical load value of 395.6 grams. The deviation
from the Southwell determination is about 3.5$ and from theory it
is almost zero.
The result, then, is a simple experimental demonstration
18

that measurements in the pre- and post-buckled regions can be used
to determine the critical load of a column. The Southwell and
large deflection curves combine with the analytical solution to
provide a three way verification of buckling load. Of prime im-
portance now is whether the same results can be obtained in the
case of the deep beam.





which yields the first mode lateral buckling load of a simply sup-
ported deep beam of rectangular cross section when subjected to a
concentrated load at the centroid. The terms of the equation are:
P_ a critical buckling load of beam in first mode
°cr
E = Young's Modulus of beam material
I = moment of inertia of beam cross section
G torsion modulus of beam material
J s polar moment of inertia of the cross section
L length of beam
By altering the development presented by Timoshenko so that it con-
forms to the second mode shape, equation (2) becomes
pcr-—~ 0)
UU.^/EIGJ
The deep beam used in the small deflection research had
dimensions of 30.69 X 1.9£ X 0.0591 inches. The beam was of steel
and the values for E and G were taken as 3xl07 psi and 1.1x10? psi
respectively. With these values, equation (2) produces a theoreti-
cal first mode buckling load of 22.0 pounds. Equation (3) yields
$7 • 9 pounds as the second mode critical load.
If the Southwell approach is valid when applied to the
lateral buckling of a deep beam, the inverse of the slope of the
19

Southwell plots for the first and second mode cases, that is the
cases where the beam is without lateral restraint at the centroid
and where the lateral restraint is infinitely stiff, should equal
the theoretical buckling loads for these conditions.
Tables 3a and 3n and Figs. 9b and 9q show that the Southwell
plots yield values of 21.1* pounds and £8.£ pounds for the first and
second mode critical loads, respectively. The respective devia-
tions from theory are 2.8 percent and 1.0 percent.
The addition of a finite elastic restraint at the centroid
of the beam, so that the lateral buckling motion is thereby re-
stricted was expected to alter the buckling of the beam, the
magnitude of the effect of the spring being a function of the
strength of the spring. Hayashi^showed that an elastic restraint
at the center of an Euler column had just this effect. Small values
of spring constant yielded critical loads close to, but higher than,
the first mode critical load. As the spring value increased, the
critical load increased until a point was reached where further
increases in spring value failed to cause any increase in buckling
load. The buckling load at large values of spring constant corres-
ponded to the second mode critical load. A similar behavior was
expected for the buckling of the deep beam and, indeed, was pre-
dieted in a theoretical study by Flint.








when a one term approximation to the deflected shape is used. All
terms of this equation are the same as those given for equations






k = spring constant of the elastic restraint.
Tables 3a through 3n and Figs. 9a through 9r show that the
elastically restrained deep beam does, in fact, behave as expected.
Fig. 9r shows a comparison between a one term approximation to the
deformed shape in Flint's equation and the experimental results
achieved
.
An interesting piece of information evolved as the experi-
mentation using elastic restraints progressed. Although the mo-
tion of the centroid became quite small as the spring constant
reached values higher than about 20 pounds per inch, the South-
well presentations of this data continued to appear as indisput-
able straight lines even with springs with constants as high as
97. h pounds per inch, as can be seen in Figs. 9b through 9p.
But, as the spring constants exceeded 20 pounds per inch, the
critical loads obtained from the Southwell plots resulting from
the deflections of the centroid began to surpass the theoretical
value predicted for second mode. It was visually observed that,
beginning with spring values of about 10 pounds per inch, the beam
began to deform, under loading, not in a pure first mode shape, but
in a shape that suggested a combination of first and second modes.
The transition from first mode, through this combination of first
and second modes, to pure second mode is visible in Figs. 6a
through 6c.
By constructing Southwell plots of the data measured at
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the quarter points and comparing the critical loads determined from
these plots with the data measured at the centroid, it became appar-
ent that, as the value of the spring constant of the elastic re-
straint exceeded about 20 pounds per inch, the values of critical
load determined from the quarter point data began to diverge con-
siderably from those determined from the deflection data of the
centroid. Whereas the buckling loads from the quarter point data
leveled off at the theoretical critical value for second mode, the
instability loads from the centroid deflection plots continued to
increase to a high but erratic and indefinite value considerably
in excess of the second mode critical load value.
Representative load-deflection curves for the centroid
and quarter point measurements are shown in Pigs. 9a, 9d, 91 and
9n, to show the effect of increasing spring value on deflection
data. The corresponding Southwell plots appear in Figs. 9b, 9e,
9m, 9o and 9q.
The measurements at the quarter points were selected as
the meaningful data for determining the critical loads of the elas-
tically restrained beam because of several basic reasons. First,
the critical loads determined from the quarter points level out
at the theoretical second mode value as the spring constant ap-
proaches infinity. Second, the motion of the centroid is zero
when the spring becomes infinitely large and therefore cannot be
measured. The critical load cannot, then, be determined by meas-
urements at the centroid when an infinite spring is present. Third,
the fact that the Southwell presentation of data measured at the
22

centroid with relatively large spring values remains linear in form
can be reasonably well explained by considering that the beam is
locally deformed by the spring, and that the high critical load
determinations from this data are probably higher mode tendencies
of the beam in the vicinity of the local deformation. Fourth, if
the development of mode shape is examined, it becomes apparent
that with a predominant first mode deformation, the midpoint and
quarter points of the beam exhibit a preponderance of first mode
motion. But, when the beam is deformed primarily in second mode,
the quarter points move considerably but the centroid alters posi-
tion but little, if at all. Therefore, as the beam nears second
mode, measurements at the centroid should not be expected to give
adequate results since little or no second mode motion occurs
there. Note, however, that if third mode motion is present to any
degree, it will reveal itself to the greatest extent at the beam
center. This is also true of all higher odd numbered modes. The
effect of these modes is considered to be making itself evident in
the data taken at the centroid when the springs of high strength
are used.
Fig. 9r presents a graph of the ratio of buckling load
divided by the critical load value of the unrestrained beam,
Pcr/P
,
versus the spring constant, k, of the elastic restraint
wX
imposed at the centroid. The results obtained by measuring the
deflections at the centroid and at the quarter points are shown.
The consistency of the data resulting from the latter measurements
is evident. The experimental and theoretical stability boundaries
23

are shown in this figure and the comparison between theory and ex-
periment for the case of the elastically restrained beam is clearly
presented here.
Experimentation in the large deflection range produced the
final link in the verification of the buckling equation (2). The
large deflection hypothesis proposes that, if load is plotted
against the square of deflection in the large deflection region
(where the end of the beam assumes an angle of from five to thirty
degrees from its undistorted position) a straight line will result
in the post-buckling region, and that the intercept of this line
with the line of zero deflection will yield the theoretical buckling
load of the member tested. As has been mentioned before, the theory
has been verified for an Euler column, for some thermal buckling
n 12problems, and for various flat plates.
The first tests for large deflection data on the deep beam
were performed on the beam used for small deflection data. It be-
came apparent immediately that two major difficulties existed.
First, the end supports, although adequate for small deflections,
would not allow sufficient freedom for large deflection readings.
Second, the beam material, a relatively low grade steel, entered
the region of plastic deformation as soon as any appreciable de-
flection was attained.
The test apparatus shown in Figs. 7a through 7c provided
an acceptable solution to the problem of the end supports. The
beam first tested in this rig was made of fibreglass and had dimen-
sions of 20.91 X 1.50 X 0.03U5 inches. The advantage of the fibre-
glass material was that it possessed a high yield strength and
2U

therefore remained elastic throughout considerable distortion.
Tables Ua and Ub, and Figs. 10a through lOf indicate the results
of the tests on this beam. The perplexing part of these results is
that, for the glass beam, the small deflection buckling load ob-
tained from the Southwell presentations is roughly 16 percent
different from that resulting from the large deflection plots.
The cause is believed to be the non-linear characteristics of
the fibreglass material. Indeed, an appreciable amount of creep
was observed when performing the tests, but it was also learned
that the fibreglass material had a definite change in modulus as
the stress passed a given value, this value lying between the
stresses experienced by the material in the small and large de-
flection regions. One observation, however, proved of value,
despite the obvious difficulties encountered in the tests of the
glass beam. The same large deflection results were obtained
whether the measurements were made at the centroid of the beam
or at the top fibre. Since the deflection of the top fibre was
much easier to measure, this knowledge was used on subsequent
tests.
The next beam to be tested had dimensions of 20.91 X 1.50 X
0.01U8 inches and was made of high grade spring steel. By using
the moduli of the steel as E = 3x10' psi and G = 1.1x10? psi respec-
tively, and calculating the theoretical critical load for first mode
buckling by use of equation (2), a value of 0.573 pounds or 260
grams was obtained. Table 5 and Figs. 11a through lie show the re-
sults of the tests on this beam. The buckling load by Southwell
plot is seen to be 260.5 grams and by large deflection data to be




The work contained in this thesis experimentally verifies
the theoretical determination of the lateral buckling load of a
deep beam with a concentrated load at the centroid. The Southwell
presentation of data is proven to be an excellent method of analy-
sis of lateral instability in this case. In addition, as a means
of further verification of both the purely theoretical and the
Southwell arguments, the large deflection method is shown to pro-
duce an excellent three way correlation. All experimental data
contained herein is within about three percent of theory, which is
considered completely adequate.
To obtain suitable experimental accuracy, however, it was
found that extreme care had to be exercised in imposing end con-
ditions, in applying loads and in ascertaining that the beam mater-
ials possessed adequate elastic characteristics. Relatively small
deviations from these requirements could result in considerable
errors in experimental results.
The work, therefore, provides experimental verification of
the theoretical equation for lateral instability load for a deep
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DEFLECTION 6 (mm )
Test 1 Test 2 Test 3
0.0 0.0 0.0 0.0
77.5 0.0 0.0 0.0
159.0 0.0 0.0 0.0
259.0 0.2 0.2 0.3
309.0 0.6 0.6 0.6
329.0 0.8 0.9 0.9
3U9.0 1.0 1.1 1.2
369.0 2.0 2.1 2.1
389.0 U.9 5.h 5.U
39U.O 7.3 7.9 8.1
399.0 11.8 12.0 12.2
hoo.o 12.8 13.1 13.2
1*02.0 15.0 15.1 15.3
U03.0 15.9 16.1 16.2
U03.5 I6.3 16.7 16.8
iiOU.o 17.0 17.2 17.2
I05.0 18.0 18.1 18.2
U06.0 18.9 19.1 19.1
U08.0 20.6 20.9 21.0
Uio.o 22.ii 22. h 22.6
U12.0 21*. 1 2I4.I 23.9








Test k Test 5 Test 6 Test 7
0.0 0.0 0.0 0.0 0.0
77.5 0.0 0.0 0.0 0.0
159.0 0.0 0.0 0.0 0.0
25?.
o
0.2 0.3 0.3 0.3
309.0 0.5 0.7 0.7 0.7
329.0 0.9 0.9 0.9 1.0
3U9.0 1.2 1.3 l.ii 1.5
369.0 2.1 2.3 2.5 2.6
389.0 5.6 5.8 6.0 6.1
391.0 6.3 6.9 6.8 7.0
393.0 7.6 7.9 8.0 8.1
395.0 8.9 9.1 9.U 9.5
395.5 9.3 9.6 9.6 9.8
396.0 9.8 10.0 10.1 10.1
397.0 10.5 10.8 11.0 11.0






1;06.0 19.2 19. a 19.3 19.5
W.O 20.1 20.2 20.3 20.3
U09.0 21.8 21.8 21.8 21.9
hii.o 23-3 23.3 23.3 23.5
U13.0 2U.7 2Ji.8 2U.8 2U.9




AVERAGED DATA FOR BUCKLING OF
EULER COLUMN
P (gm) 6 (ima) «2 0>
0.0 0.0 0.0
77.5 0.0 0.0 0.0
159.0 0.0 0.0 0.0
259.0 0.26 0.068 0.27xlO"3
309.0 O.63 0.395 1.28
329.0 0.90 0.81 2.1*6
31*9.0 1.2U 1.5U l*.l*
369.0 2.2h 5.0 6.1
389.0 5.60 31.3 1U.U
391.0 6.75 U5.5 17.3
393.0 7.90 62.2 20.1
391*. 7.78 60.5 19.7
395.0 9.22 8i*.9 23.3
396.0 10.0 100.0 25.2
397.0 10.8 117.0 27.2
399.0 12.7 162.0 31.8




1*02.0 15.1 228.0 37.6
1*03.0 16.1 260.0 1*0.0
Uou.o 17.1 293.0 1*2.3
1*05.0 18.1 327.0 1*1*. 7
1*06.0 19.2 369.0 1*7.3
1*07.0 20.2 1*08.0 1*9.7
1*08.0 20.8 1*32.0 51.0
1*09.0 21.8 1*75.0 53.
U
1*10.0 22.5 503.0 Sk.9
1*11.0 23. h 51*9.0 56.9




1*11*. 25.5 650.0 6l.6xl0~ j
4x 18.0





LATERAL BUCKLING OF DEEP BEAM WITHOUT ELASTIC RESTRAINT
(TEST No. 1)
LOAD DEFLECTION OF CENTROID «/P










18.57 0.036 19. ho
18.99 o.oia 21.60
19.29 0.0^6 23.83
19. U7 0.051 26.20























lateral buckling of deep beam without elastic restraint
(TEST No. 2)
LOAD DEFLECTION OF CENTROID «/P
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LATERAL BUCKLING OF DEEP BEAM WITH ELASTIC RESTRAINT AT CENTROID
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LATERAL DUCKLING OF DEEP BEAM WITH ELASTIC RESTRAINT AT CENTROID
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Fig. 3. Apparatus Used for Small Deflection Tests of





Fig. U« Close Up Views of Small Deflection Apparatus Showing






Fig. 5>« Views of Small Deflection Apparatus Showing Device






























































Fig. 7a. Apparatus Used for Large Deflection Tests of
Lateral Instability of Deep Beam




Fig. 7c. Vibrating the End Supports to Achieve
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